The traffic intensity (ρ) is a vital parameter of queueing systems because it is a measure of the average occupancy of a server. Consequently, it influences their operational performance, namely queue lengths and waiting times. Moreover, since many computer, production and transportation systems are frequently modelled as queueing systems, it is crucial to use control charts to detect changes in ρ. In this paper, we pay particular attention to control charts meant to detect increases in the traffic intensity, namely: a short-memory chart based on the waiting time of the n-th arriving customer; two long-memory charts with more sophisticated control statistics, and the two cumulative sum (CUSUM) charts proposed by Chen and Zhou (2015) . We confront the performances of these charts in terms of some run length related performance metrics and under different out-of-control scenarios. Extensive results are provided to give the quality control practitioner a concrete idea about the performance of these charts.
Introduction
Queueing theory (QT) is fundamentally devoted to the modelling of systems where customers (eventually) wait for service and congestion occurs due to the stochastic character of the arrival process and of the service times [12, p. 483] . In this paper, we assume that customers come from an infinite source, arrive individually to an infinite capacity queueing system with m parallel servers providing service according to the first come first served (FCFS) discipline.
Regarding the arrival process, we suppose that the interarrival times are independent and identically distributed (i.i.d.) positive random variables (r.v.) to U with common cumulative distribution function (c.d.f.) F U (u) and such that E(U) = λ −1 , where λ denotes the long-run (customer) arrival rate.
The time elapsed while a customer is being served is called service time. We assume that the service times are i.i.d. positive r.v. to V with common c.d.f. F V (v) and expected value E(V) = μ −1 , so that μ denotes the (customer) service rate. We also suppose that the service times are independent of the interarrival times.
One of the simplest queueing system to analyze is the M/M/1 queue, where interarrival times and service times are exponentially distributed and there is a single-server in the system. Here, the acronym M/M/1 follows the usual notation for queueing systems, where the code letters M, and GI (or G) stand for exponential (Memoryless, Markovian) and general independent interarrival (or service) times, respectively. Accordingly, if the single-server queue admits:
• Markovian arrivals, but the service process is governed by a general distribution: then we are dealing with an M/G/1 queueing system. • General interarrival times and exponentially distributed service times: then we are considering a GI/M/1 system. • Interarrival and service times with general distributions: then we are discussing a GI/G/1 queueing system. When we assess a queueing system, it is critical to consider the total workload submitted to the m servers in the interval [0, t] due to the N(t) arrivals in that period [13, p. 5] . If S i represents the service time of the i-th arrival, then
can be thought as an average measure of congestion in the system at each time t. Thus,
is called the (long-run) traffic intensity of the queueing system and represents the load offered to each server if the work is divided equally among servers [13, p. 6] . If a queueing system has an unlimited waiting room, then
Bearing in mind that detecting persistent shifts in the traffic intensity is vitally important while dealing with queueing systems, it is remarkable that we have to leap to the early 1970s to meet the authors of a seminal work proposing a control chart for the traffic intensity of the M/G/1 and GI/M/1 queueing systems. Indeed, Bhat [1] proposed a parameter regulation technique for time homogeneous stochastic processes that was specialized in [4] to control the traffic intensity of M/G/1 and GI/M/1 queues [2]; Bhat and Rao [4] added that the results are obtained through a direct application of the work reported in [3] .
The approximate control technique proposed by Bhat and Rao [4] was inspired by Shewhart quality control charts and provides a method of regulating the traffic intensity of those queueing systems by observing only the number of customers in the system at embedded Markov points:
• X n , the number of customers in the M/G/1 queueing system immediately after the n-th departure, •X n , the number of customers in the GI/M/1 system, as seen by the n-th arriving customer.
The traffic intensity is deemed out-of-control if the control statistic exceeds (resp. does not exceed) the upper (resp. lower) control limit c u (resp. c l ) longer than a pre-assigned number d u (resp. d l ) of consecutive transitions. Thus, unlike in traditional control charts, the interval [c l , c u ] can be considered as forming a warning zone (WZ) as values beyond these control limits are not immediately responsible for signals.
It is imperative to mention that • W n , the waiting time of the n-th arriving customer to a GI/G/1 system, appears to have been used for the first time -albeit as a building block of a cumulative sum (CUSUM) control statistic -by Kim, Alexopoulos, Tsui and Wilson [8] , who formulated a distribution-free tabular cumulative sum (DFTC) chart to monitor a discrete time stochastic process, thus generalizing the conventional CUSUM chart for i.i.d. normal r.v.
It is also important to allude to the two cumulative sum (CUSUM) schemes applied by Chen and Zhou [7] in order to efficiently monitor the performance of M/M/1 queues. The partial sampling scheme, which only observes the number of customers left in the system, and the complete sampling scheme, which records each event type (arrival or departure) and the corresponding time epoch, leading to the CUSUM-P and the CUSUM-C charts, respectively.
For an unintentionally biased, most likely incomplete and somewhat overlapping reviews of the monitoring of the traffic intensity of queueing systems and other stochastic systems the reader is referred for instance to [10] , [14, Section 1.7] and [15] .
The remainder of this paper is organized as follows. In Section 2, we briefly refer to three short-memory charts for ρ, namely the W n -chart, thoroughly discussed in [14] and [15] . Section 3 is devoted to the description of the CUSUM-P and CUSUM-C charts. In Section 4, we compare the performance of the W n and the CUSUM-P and CUSUM-C charts under several out-of-control scenarios. Clear conclusions and recommendations are given in Section 5.
Short-Memory Charts for ρ
The control statistics X n ,X n and W n have been used by several authors to monitor the traffic intensity because of their simplicity, recursive and Markovian character plainly suggested by their expressions in Table 1 . These properties prove to be decisive in characterizing the performance of the associated control charts. In Table 1 , the increments Y n+1 , −Ŷ n+1 , and V n+1 − U n+1 are characterized as follows: • Y n+1 is the number of customers arriving during the service of the (n + 1)-st customer, •Ŷ n+1 is the number of potential customers served during the (n + 1)-st interarrival time period, • (V n+1 , U n+1 ): V n+1 is the service time of the n-th customer, and U n+1 denotes the time between the arrivals of customers n and (n + 1), n ∈ ℕ 0 , with
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The p.f. of Y andŶ and the c.d.f. of V − U can be found in [15, pp. 19-20] for a handful of different distributions for the interarrival and service times such as:
The X n ,X n and W n charts trigger a signal if their control statistics exceed a critical level and play a vital role in the detection of increases in the traffic intensity of M/G/1, GI/M/1 and GI/G/1 queueing systems, respectively. Even though their control statistics have a recursive character, we termed these charts shortmemory charts because X n ,X n and W n refer solely to a customer-arrival/departure epoch as opposed to several such epochs.
The performance of these control charts is usually assessed by calculating the average run length (ARL), that is, the average number of samples taken before a signal is triggered. The ARL should be large (resp. short) when the traffic intensity is on-target (resp. off-target).
Santos [14, Chapter 2] and Santos, Morais and Pacheco [15] capitalize on the Markov chain approach [5] to compute several RL related measures for the X n ,X n and W n charts, and extend the analysis in [10] [7] claim that, in the context of detecting queueing congestion, decreases of the service rate and/or increases of the arrival rate are of most interest. The first two out-of-control scenarios refer to increases in the traffic intensity from its target value
due to: (i) decreases in the service rate while the arrival rate is constant:
(ii) increases in the arrival rate while the service rate remains unchanged:
In the third out-of-control scenario, (iii) the arrival rate increases and the service rate decreases proportionally:
Santos, Morais and Pacheco [15] provided evidence that: • the W n -chart outperforms the X n -chart (resp.X n -chart) when it comes to the detection of increases in the traffic intensity of
• the X n -chart (resp.X n -chart) proved to be faster than the W n -chart in the detection of increases in the traffic intensity under scenario (ii), for all the queueing systems mentioned above.
• when the increase in ρ is attributable to an increase in λ and a proportional decrease in μ, i.e., we are dealing with scenario (iii), adopting the waiting time of an arriving customer as a control statistic instead of X n does not necessarily payoff in terms of the ARL performance. These are quite surprising results because the extra bookkeeping associated with the collection of the waiting times of the arriving customers would suggest swifter detections by the W n -chart. However, keep in mind the following important characteristics of the W n -chart: it can be used to monitor the traffic intensity of any GI/G/1 system whereas the X n -chart (resp.X n -chart) is only meant to be used to control the traffic intensity of M/G/1 (resp. GI/M/1) queues.
The mixed character of W n allows us to set the associated chart for any pre-specified (and reasonably large) in-control (IC) ARL, unlike the short-memory charts with discrete control statistics X n andX n ; the RL performance of the W n -chart depends upon both λ and μ, in contrast with the RL performance of the X n and X n charts that depend exclusively on ρ = λ μ .
Long-Memory Charts for ρ
Despite their popularity and simplicity, charts that only use the last observed value of their control statistics to trigger a signal have a well-known limitation: they are not very effective in the detection of small and moderate shifts.
To overcome this problem, the control statistics should explicitly rely on the information contained in the most recent and the past collected samples of the process. That is the case of the CUSUM-P and CUSUM-C charts proposed by Chen and Zhou [7] . The complexity of the control statistics of the CUSUM-P and CUSUM-C charts for the traffic intensity, when compared to the ones in the previous section, led us to term them long-memory charts. It also prompted us to restrict ourselves to the M/M/1 queueing system.
What follows is a brief description of the CUSUM charts proposed by Chen and Zhou [7] to monitor the traffic intensity of an M/M/1 system. Please note that Chen and Zhou [7] made it clear that these CUSUM charts can be extended to more general queues and that they considered this simple queueing system to avoid potential distraction and confusion caused by additional required knowledge in QT needed for other queueing systems.
The state of the M/M/1 system only undergoes a change when there is an arrival or a departure [7] . Consequently, it is sufficient to record the event type (that is, an arrival or a departure) and the corresponding event time (i.e., the arrival or departure time) to completely determine the sample path of the process, thus leading to what Chen and Zhou [7] called complete sampling scheme and the CUSUM-C chart.
These authors also call our attention to the fact that due to practical constraints, sometimes it is not possible to record all this information. For instance, in a production line without individual tracking capability, only the number of units in the system can be obtained using proximity sensors, and the waiting time of each unit is not available. To account for concrete situations such as this, Chen and Zhou [7] suggested a partial sampling scheme associated only with records of the number of customers left in the M/M/1 system at departure epochs and leading to what they called a CUSUM-P chart.
In the partial sampling scheme, the observations correspond to realizations of the number of customers left in the system at each departure epoch in the M/M/1 system, say x 1 , x 2 , . . . , x k , . . . . The control statistic of the CUSUM-P chart at the (k + 1)-st departure epoch depends not only on x k and x k+1 but also on the target traffic intensity ρ 0 and the out-of-control traffic intensity ρ 1 that we are most interested in detecting. It has a recursive character and its observed value is
where g 0 = 0 and ρ 1 > ρ 0 . The CUSUM-P chart is responsible for a signal at sample k if the control statistic g k exceeds its upper control limit, suggesting that the traffic intensity has suffered an upward shift from its target value ρ 0 . The observed value of the control statistic of the CUSUM-C chart to monitor the traffic intensity of an M/M/1 system is given by
where h 0 = 0; the design parameters are (λ 1 , μ 1 ) and verify
; s N is the service time of the N-th departing customer; and t N is the overall system time elapsed until the N-th departure. The CUSUM-C chart triggers a signal at sample k if the control statistic h k exceeds its UCL. This signal suggests that the arrival or the service rate have changed from their target values λ 0 and μ 0 .
The approximate ARL of the CUSUM-P and CUSUM charts, used to monitor a system in steady-state operation, can be found in [7] . Even though we assume that we start with an empty queueing system and monitor its traffic intensity in the transient state, these approximations are useful in order to check our results.
We can use Monte Carlo simulation to determine the upper control limits of these two types of CUSUM charts such that its in-control ARL meets a pre-specified value and estimate out-of-control RL related measures such as the expected value, standard deviation, coefficient of variation and p × 100 % percentage point of the RL.
Comparing Short and Long-Memory Charts
By taking into account more information, the CUSUM-C chart is able to detect shifts in the service rate and/or in the arrival rate separately. Through several numerical examples, Chen and Zhou [7] showed, for instance, that the ARL performance of the CUSUM-C chart tends to be better than the one of: the CUSUM-P and the WZ charts; what Chen, Yuan and Zhou [6] called the nL-chart, based on non-overlapping sums of n consecutive observations of the number of customers at departure epochs; or the generalized likelihood ratio chart under partial sampling.
The main goal of this section is to compare the RL performance of the W n -chart with the one of the CUSUM-P and CUSUM-C charts under the out-of-control scenarios (i), (ii) and (iii) described in Section 2.
For simplicity's sake, we consider λ 0 = ρ 0 and μ 0 = 1. Moreover, we fix the design parameter ρ 1 = 1.1ρ 0 for the CUSUM-P charts and the corresponding set of design parameters for the CUSUM-C charts are:
The performance of these short and long-memory charts is assessed for two different target values of the traffic intensity: ρ 0 = 0.3, 0.5. The latter target value was taken from [7] , while the former was considered in [6] .
When it comes to Monte Carlo simulations, we consider that systems start from an empty queue and use Matlab [16] to simulate M/M/1 queues starting with X 0 = 0, without a warm-up period. The code used is an adaptation from the supplementary material of [7] , available online. The number of replications/runs was increased from 500 (the number used by Chen and Zhou [7] , for the CUSUM-P chart) to rep = 5000, to obtain smoother ARL curves. In order to control the random number generation and thus save the results from each simulation, we used Matlab's procedure rng. Each run is associated with fixed arrival and service rates and a maximum of N = 6000 departures.
While comparing the CUSUM charts associated with complete and partial sampling schemes, we made sure that the design parameters verify ρ 1 = λ 1 μ 1 and use the same simulation runs to compute estimates of the corresponding ARL.
Due to the inherent limitations of the Monte Carlo simulations and the fact that we considered upper control limits with only two decimal places, the CUSUM charts are roughly matched in-control to the W n -chart whose expected number of departures until a false alarm is triggered equals 370.
The estimates of the RL percentage points, ARL, SDRL (standard deviation of the RL), CVRL (coefficient of variation of the RL) of the W n -chart are in Table 2 , whereas the corresponding values for the CUSUM-P and CUSUM-C charts can be found in Tables 3 and 4 .
Before discussing the results for each target value ρ 0 , we ought to mention that under all scenarios, the CUSUM-C chart seems to outperform the competing charts for most out-of-control values of the traffic intensity.
For ρ 0 = 0.3, 0.5 and under scenario (i), Tables 2 and 3 and also Figure 1 suggest that the W n -chart has a better ARL performance than the CUSUM-P chart. Unlike the control statistic of the CUSUM-P chart,
comprises explicit information on the service time (V n+1 ); thus, when the traffic intensity increases due solely to a decrease in the service rate, the W n -chart is bound to trigger signals quicker than the CUSUM-P chart. Furthermore, bear in mind that the expected value and the variance of the waiting time (W) in the ergodic M/M/1 system are given by
and increase with ρ when the arrival (or service) rate is constant [11, pp. 80-81] . As a consequence, if ρ increases due to a downward shift in the service rate while the arrival rate is fixed, then the values of W n are bound to be closer to the associated UCL and the W n -chart is more prone to signal.
Under scenario (ii), the W n -chart has clearly a feeble detection ARL performance, as depicted in Figure 1 , for ρ 0 = 0.3, 0.5. This does not come as a surprise given the results previously reported in Section 2, in particular that the X n -chart (resp.X n -chart) proved to be faster than the W n -chart in the detection of increases in ρ. On top of that, if ρ increases due to an upward shift in the arrival rate while the service rate remains constant, W n is less likely to exceed the UCL than in scenario (i), therefore the larger out-of-control ARL and a smaller detection ability. For ρ 0 = 0.3 and under scenario (iii), Figure 1 leads us to conclude that the W n -chart is the best option in the presence of large shifts in the traffic intensity; this is basically due to the typical initial inertia of CUSUM charts in such out-of-control situations.
Judging by the results in Table 3 , we can add that the performance of the CUSUM-P chart is approximately the same under all the three out-of-control scenarios for a fixed ρ 1 , because the CUSUM-P statistic only depends on the design parameter and the traffic intensity itself, unlike the W n -chart (resp. CUSUM-C chart) that depends on the values of the arrival and service rates (resp. design parameters λ 1 and μ 1 ).
Interestingly, the difference between the RL performances of CUSUM-P and CUSUM-C charts seems to be more accentuated under scenarios (i) and (ii). Moreover, under scenario (iii), the ARL profiles in Figure 1 and the results in Tables 3 and 4 indicate that replacing the CUSUM-P chart with the CUSUM-C chart does not lead to a significant improvement in the ARL performance.
Concluding Remarks
The main goal of this paper was to compare short and long-memory control charts used to detect increases in the traffic intensity of single server queues, under different out-of-control scenarios. We focused on two different approaches to calculate RL performance metrics: the Markov chain approach, to compute the RL performance of the W n -chart; Monte Carlo simulation of the M/M/1 queue in order to estimate RL related measures of the CUSUM-P and CUSUM-C charts, proposed by Chen and Zhou [7] .
Even though the CUSUM-C chart showed the best overall ARL performance, the associated bookkeeping is a major disadvantage since it means that we need to keep track not only of the number of customers in the system after each departure, but also of all the arrival and departure epochs. An additional drawback of this chart follows from the fact that the choice of its design parameters requires a priori knowledge of the off-target values of λ and μ we want to detect, thus making it less appealing.
The quality practitioner should also be aware of the fact that the ARL performance of the CUSUM-C chart is very sensitive to the different out-of-control scenarios and to the relative position of the design parameters λ 1 and μ 1 with respect to the in-control values λ 0 and μ 0 (see [7] ). The design of the W n -chart is far more straightforward because it does not depend on any design parameter, and therefore may be preferred in practice if we do not anticipate the out-of-control scenarios (ii) and (iii).
Curiously, a comparison between the performances of the CUSUM-P and W n charts led us to believe that the CUSUM-P chart seems to be outperformed by the W n -chart under scenario (i), i.e., when the traffic intensity increases due to a decrease in the service rate and the arrival rate remains unchanged. Moreover, the W n -chart can be faster than the CUSUM-C chart in the presence of large shifts under two out-of-control scenarios.
Since downward (resp. upward) shifts in the traffic intensity can correspond to a decreasing (resp. increasing) interest in the offered services [9] , it is important to promptly detect both increases and decreases in ρ. This calls for an ARL-unbiased chart such as the one based on W n and proposed by Morais and Knoth [9] . Thus, a direction of future research comprises the derivation of ARL-unbiased versions of the CUSUM-C and CUSUM-P charts, such that: their in-control ARL take a pre-stipulated value ARL ⋆ ; the associated ARL curves attain a maximum when the traffic intensity is on target, thus it takes us less time (in average) to be alerted to any increase or decrease of the traffic intensity than to run into a false alarm.
Another obvious direction for future work refers to the derivation of the CUSUM-P and CUSUM-C control charts to monitor the traffic intensity of queueing systems other than the M/M/1 queue, following the lines of what Chen and Zhou [7, Section 4] have done for the M/G/1 and M/M/s queues, and the subsequent a comparison of the performance of the W n and these CUSUM charts.
